Though the Gompertz formula accurately describes observed mortality distributions over most of their extent, their "tail" is much longer than that of a Gompertz curve fitted to the whole dataset. A simple candidate explanation is that the longest-lived subset of any population will necessarily be enriched in individuals that age more slowly than the average of that population. However, some investigators have suggested that, instead, individuals actually cease to senesce after a certain age. Here, using a new approach to determining the best-fit degree of heterogeneity in the Gompertz slope parameter, it is shown that observed distributions can in fact be fit quite accurately by purely "heterogeneous Gompertz" curves. Either explanation may therefore be correct.
Introduction
Gompertz noted in 1825 [1] that the proportion of individuals of age t who died within one year was, over most of the age range, very close to an exponential function of t: m(t) = Ie bt (1) This phenomenon has since been observed in innumerable other populations, across many species. However, many more individuals than predicted by such formulae tend to live to ages after the 90% mortality point, and the goodness of fit deteriorates progressively thereafter.
Interestingly, an exponentially increasing risk of death of each individual does not predict a Gompertzian mortality pattern [2, 3] . The Gompertz parameters are species-dependent-slower-aging species have a smaller I and/or b. But the factors underlying this variation also apply to individuals; thus, members of any given population should exhibit heterogeneity in these parameters (albeit less, typically, than that seen between species). As mortality progresses, the surviving subset will become enriched in more slowlyaging individuals. This translates into a survival "tail" with-broadly-the observed non-Gompertzian character.
However, there is another, radically different interpretation of observed mortality distributions. Curtsinger et al. [4] noted that their Drosophila data could be fit well by a "two-stage Gompertz" model-an exponential rise in mortality rate until "transition age", followed by an exponential rise with a different I and b thereafter. Such "broken stick" models fit four parameters, against two for a simple regression, so a better fit is unsurprising. Provocatively, however, Curtsinger et al. noted that b for the latter period could be zero, denoting cessation of senescence after the transition age. Subsequently, Mueller and Rose [5] argued forcefully (using computer simulation) that this "late-life immortality", as they have termed it [6] , is predicted by well-established phenomena such as the accumulation of alleles with antagonistically pleiotropic effects. However, such non-senescence was the initial state in their simulations, so that if (as they noted) evolution does not distinguish between ages far into the postreproductive period, a mortality plateau would "emerge" simply because it was there all along. Rose's group later attempted to refute the "heterogeneity theory" experimentally [7] , but this too was inconclusive [8, 9] .
It thus remains controversial which interpretation constitutes the true explanation for the "nonGompertzian tail" phenomenon. A major obstacle is that heterogeneity in the "slope parameter" b precludes a straightforward formula for the overall mortality rate as a function of age [10] . Studies examining variation in b have either fitted unattractively many free parameters (e.g. 16 in [11] ) or relied on simulation [12] , which introduces noise in the predicted mortality tail so cannot quantify goodness of fit to observed data. Here I present a novel method to determine best-fit inter-individual heterogeneity in b, and use it to show that published insect and human mortality patterns are explained well as pure "hetero-Gompertzian" aging.
Ideal and simplified "hetero-Gompertz" curves
In any population exhibiting heterogeneity for a quantitative trait, a natural null hypothesis is that a continuum of values are represented, with frequencies following a normal distribution. Hence, if aging is "hetero-Gompertzian", each individual's risk of death increases exponentially with age, but their I and b are normally distributed. Since both are necessarily positive, however, their logarithms, not their absolute values, should be the normally-distributed quantities.
To make this ideal formalisation computationally more tractable, we make two simplifications. First, we assume that all individuals' I values are equal. This is less drastic than it might seem, because the shape of the overall mortality curve is influenced far less by heterogeneity in I than in b.
Second, we recall that the normal distribution is the limit of the binomial distribution of n items as n tends to infinity. Thus, using the standard notation
, where "!" is the factorial function, we can approximate our desired distribution arbitrarily closely by, for sufficiently large even n, treating our population as composed of 2 n equal-sized subpopulations, of which
(Hb is so named because it is a measure of the degree of heterogeneity of b.)
Algorithm
The core routine computes the proportion surviving to each time point (from t=1 to the maximum age at death plus ten time units), based on a uniform I and a range of slope values as just described. n is set to 20, so the predicted mortality rate at age t is: 
The main program, which invokes the core routine, uses iterative refinement to find the values of b, I and Hb that best fit the dataset provided. Badness of fit is defined on the logarithm of the proportion surviving, as the average absolute deviation from observed, i.e.:
where m is the maximum age observed, o i is the proportion surviving to age i, and p i is the proportion that the curve predicts will die at age i. Figure 1 shows the log-survival and (inset) mortality data of all 764,331 Swedes born in the 1880s and surviving to age 40 [13] , and the best-fit curve found by the above algorithm. The values defining this fit are: I = 0.00231/year; b = 0.090; Hb = 0.0278
Results
An extremely good fit is apparent: the error is under 3% for all ages up to 101, and remains under 22% up to the maximum age, 112.
The best fit to the survival data of the 1,203,464 medflies studied by Carey et al. [14] was then computed. The best-fit parameters are:
This fit describes the data much less well: maximal deviations are a factor-of-three underprediction at day 24 and a factor-of-four overprediction at day 76.
This might be interpreted as a failure of the "hetero-Gompertz" hypothesis. However, the model explored thus far arbitrarily assumes that b is normally distributed. A simple elaboration is to make the exponent of (1+Hb) in Eq. 2 a quadratic, rather than linear, function of i:
This gives the model a fourth parameter, which is a priori a drawback, but is still no more than "broken stick" models. It leads to the dramatically better fit shown in Figure 2 , with values:
in which survival is described to within 15% either way until day 30 (when 87% are dead) and within a factor of three either way right out to the oldest ages. This is still much less good than for the human data, but the key features-especially the large decline in mortality at extreme ages-are well reflected. By contrast, neither logistic models (which incorporate heterogeneity in I but not b) nor two-stage Gompertz models can ever describe age-related mortality rate decline.
Discussion
In both cases analysed here, a pure "hetero-Gompertz" curve fits the data quite accurately even at extreme ages. Thus, the view that observed data can only be explained as "late-life immortality" is untenable. Is the fitted Hb biologically plausible? The most robust humans (one per million) are assigned a slope only 30% flatter than the average. The fitted medfly heterogeneity is much greater, with the most robust having a slope 22.5 times less than average; however, since some insects derive at least this disparity in life expectancy from purely hormonal influences (for example, worker bees versus queens), this is not absurd. Vaupel and Carey [3] , by contrast, decomposed the same medfly data into subpopulations varying in intercept but not slope; some individuals had nearly 10 10 lower initial mortality than average.
It has been suggested that any proposed heterogeneity must be largely non-genetic, since genetically homogeneous populations are no less less "non-Gompertzian" [15, 16] . This is held to be problematic because experimenter-imposed environmental variation mainly affects I (e.g.
[17]), whereas heterogeneity in b is needed to fit observed data. However, this variation has always been post-natal, whereas natural non-genetic heterogeneity may arise prenatally [18] . It seems plausible that the impact of a given factor on the Gompertz parameters may be influenced by the age at which that factor is present. If so, variation arising prenatally would cause heterogeneity that better resembles genetic variation than this experimenter-imposed variation-that is, in b as well as I. This is a readily testable hypothesis.
This method relies on choosing n so that 2 n exceeds the population size. With, say, n=10 for the medfly data, the slowest-aging subpopulation contains ~1200 flies. Thus, when only ~100 flies survive, most heterogeneity has evaporated and the model thereafter exhibits broadly Gompertzian behaviour (which real datasets do not). Age (days) mortality
